Characterization of the graphs of the Johnson schemes G(3k, k) and G(3k + 1, k)  by Moon, Aeryung
JOURNAL OF COMBINATORIALTHEORY, Series B 33,213-221 (1982) 
Characterization of the Graphs of the Johnson Schemes 
G(3k, k) and G(3k + 1, k) 
AERYUNG MOON* 
Department of Mathematics, The Ohio State University, Columbus, Ohio 43210 
Communicated by Alan J. Hoffman 
Received September 14, 1981; revised August 1982 
The graphs of the Johnson schemes G(3k, k) and G(3k + 1, k) are characterized 
by their parameters. In particular this finishes the characterization of the 
tetrahedral graphs G(n, 3). 
I. INTRODUCTION 
By a graph we shall mean a finite, undirected, simple graph. Let G be a 
graph with vertex set V(G) and edge set E(G). For any two vertices U, v in 
the same connected component of G, the distance d(u, v) between u and u is 
the length of a shortest path joining u and U. Then d(u, U) = 0 for all U, and 
d(u, u) = 1 if and only if U, u are adjacent, denoted u - U. If u E V(G), we set 
D,(U) = {U E V(G): d(u, V) = i} and n;(u) = IDi(U)l. If q(u) is constant for all 
u, then we just write it as n,. If II, v E V(G) with d(u, u) = i, then we let 
P~i(U, U) = ]{ w  E V(G): d(u, W) = j, d(o, W) = k}]. And if Pfi(u, U) is constant 
for all U, u with d(u, u) = i, then we just write it as PTi. We call G a distance 
regular graph if {PTi}i,,,k are constants. (This definition is equivalent to that 
of Biggs [3].) With a distance regular graph of diameter d, we associate the 
association scheme (V(G), {R,},=, I , ) where (x, y) E R, if and only if ,...,d 7 
d(x, y) = i. 
Let G(n, k) be the graph of the Johnson scheme J(n, k), i.e., the vertices 
are all k subsets of a fixed n set, and any two vertices are adjacent if and 
only if their intersection is of size k - 1. (See [5].) 
In this paper, we characterize G(3k + 1, k) and G(3k, k) by parameters. 
(For G(n, k), pi”f = 2::; (k;i)(,-;-,)( k-t-,)( j:;:;!,).) 
THEOREM. Let G be a distance regular graph. 
(i) If G has parameters of G(3k, k), then G z G(3k, k). 
(ii) If G has parameters of G(3k + 1, k), then G g G(3k + 1, k). 
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Remark. The reader may observe that our proof does not require the full 
distance regularity of G; but there seems to be little point in spelling out here 
precisely which parameters we have used. 
We prove the theorem by first showing Dk(x) r G(n - k, k) for all x. For 
G(3k + 1, k), we use the characterization of G(2k + 1, k) [7] to prove 
Dk(x) g G(2k + 1, k). 
In particular we complete the characterization of the tetrahedral graphs 
G(n, 3), because of the work of Aigner [ 1,2] (for n < S), Liebler [6] (for 
11 < n < 16), Bose and Laskar [4] (for n > 16). We are informed by a 
referee that Peter Rolland proved the uniqueness of the tetrahedral 
association scheme. (“On the Uniqueness of the Tetrahedral Association 
Scheme,” Ph.D. thesis, City University, New York, 1976.) 
II. PRELIMINARIES 
First we list three known results. 
LEMMA 1 ([7]). Let a graph G with diameter k satisfy 
n,=k(k+ l), rzk-i= 
(“:‘)(:)y 
n,=k+ 1, Pi, = 1, P:e2 k-l = (k - 1)’ 
and 
p:,<x, Y> < 4 for all x, y. 
Then G z G(2k + 1, k). 
LEMMA 2 ([ 1 I). Let a graph G satisfy 
IV(G)1 = (3” )T n, =9, Pi, = 4, Pi2 = 4. 
Then G g G(6,3). 
LEMMA 3 ([ 71). Let G satisfy 
(i) Pf2(x, y) < 4 for all x, y. 
(ii) For all x E V(G), D,(x) is partitioned into k cliques of size n - k 
such that any point in one clique is adjacent to exactly one point in each 
other clique. Then G z G(n, k) if n > 2k. For n = 2k, if we assume ) V(G)] = 
(7) in addition, then G g G(2k, k). 
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Note. The statement of Lemma 3 is slightly different from that of [7, 
Theorem 11, but essentially the same proof works. 
The next lemma gives the main induction step. 
LEMMA 4. Assume n > 3k. Let G satisfy 
n,=k(n-k), P!,=n-2, Pf& y) < 4 for all x, y 
and 
%(x9 Y> + 0 for all x, y. 
Then if Dk(x) g G(n - k, k) for all x, then G z G(n, k). 
For the next two sublemmas, we assume the hypothesis of Lemma 4. 
SUBLEMMA 4.1. If d(x, y)= 2, then D,(x)nD,(y) is a 4-gon. 
ProoJ Let w  E Dk(x) n Dk( y). Then Dk(w) contains x and y, and since 
D,(w)zG(n-k,k), D,(x)nD,(y)nD,(w) is a 4-gon. But since 
P:*(x, y) Q 4, D,(x) nD,(y) is a 4-gon. 
SUBLEMMA 4.2. Let C be a maximal clique in D,(x). Then (Cl > n - k 
or ICJ<k. 
Proof. For all z E Dl(x)\C, there is at least one point in C, say y, which 
is not adjacent to z. Applying Sublemma 1 to Dl(z) n D,(y), we can 
show that there is at most one point in C which is adjacent to z. Now 
we count ((w,z):wEC,zED,(x)\C,w-z}. Then ICl(ID,(x)nD,(w)l- 
I C - Iw\l) G lD,(x)\CI . 1, which implies (] CJ - (n - k))(l Cl - k) > 0. So 
IC]>n-kor ICl<k. 
Note. If a maximal clique C has size either k or n - k, then for any z E 
Dl(x)\C, there is exactly one point in C which is adjacent to z. 
Proof of Lemma 4. Consider w  E Dk(x). Then Dk(w) z G(n - k, k) and 
it contains x. So D,(x) n Dk(w) is partitioned into k cliques of size n - 2k, 
W, and also n - 2k cliques of size k, C,,..., CnPZk such that 
;rz C,l = 1 for all i, j. By Lemma 3, it is enough to show that W. can be 
extended to qi of size n - k for all i, and any point of pi is adjicent to 
exactly one point in fij if i # j. (If n = 3k, instead of Wi, Ci can be used.) 
Note that for all i, j, no point of Cj\Wi is joined to a point of Wi\Cj by 
Sublemma 1. 
Case 1 (n > 3k). Since ] Wil > k for all i, by Sublemma 2, Wi can be 
extended to Ri, clique of size n - k. Since P:, = n - 2, both fii and Cj are 
maximal cliques for all i, j, and p/s are disjoint. By the note, we finish this 
case. 
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Case 2 (n = 3k). Since Pi, = n - 2, at least one of C; and Wj is already 
maximal for all i, j. (Otherwise, n - 2 > 2(n - k - l).) Suppose Ci and Wj 
are maximal for all i, j. Let y E C, f3 W, . Then for z E D,(x) n 
D, (Y)\W, u C, 1, z is not adjacent to any point in W, U C,\( y} and z is 
adjacent to exactly one point in each of C2,..., C, and Wz,..., W,. Without 
loss of generality, Z-U, where uEC,n W,. Then y,, zr, zED,(y)n 
D,(u) n Dl(x), where y, E C, n W, and z, E C, n W,. This contradicts 
Sublemma 1 (applied to u and y), so we may assume W, can be extended to 
mr of size n - k. Since P;, = n - 2, @, , C, ,..., C, are all maximal. We 
claim that Wi is extendable for all i. Let z E D,(y,)n D,(x)\(C, U W,), 
where y, E C, n W,. (Note z ?L JJ.) Then z is adjacent to exactly one point 
in @, and exactly one point in each of the Ci. Since k > k - 1, there is at 
least one j such that z is adjacent to at least two points in Wj. So Wj is not 
maximal and Wi is extendable to vj of size n - k. Since P:, = n - 2, qj is 
maximal and W, n mj = 0. We continue this procedure to get maximal 
cliques pi of size n - k. Since Pi, = n - 2, qi n fij = 0, for all i # j. This 
together with the note finishes Case 2 and the proof of the lemma. m 
Remark. Using an argument of Liebler [6], the following can be shown: 
If G has parameters of G(n, k) and D,(x) n D,(y) is a 4-gon for any x, y 
with d(x, u) = 2, then G z G(n, k). 
I wish to thank Y. Egawa for pointing this out. Using this, Lemma 4 can 
be proved for n > 2k + 2 if we assume all the parameters. 
LEMMA 5. Assume Pi, = (k - 2)(n - k - 2), P:2 = 4, P:, = (n - k - 1) 
(k - l), and n, = (n - k)k. Let y,, yz E D,(x) such that d(y,, yJ = 2. Then 
lD,(vl)nD,(y,)nD,(x)l G 1. 
Proof: Suppose there is z E D,(y,) n D,(y2) n D2(x). Let A = D,(x)\ 
{ y, , y21. Then for each i = 1, 2, A n D,(z) c A n Dz( yi). So A f7 D3(z) _c 
A n WY,) n D,(YJ- But IA n D&)( = Pi2 = (k - 2)(n -k - 2) and 
IA n D,(y,)l = IA n D,(y,)J = Pi, - 1 = (n - k - l)(k - 1) - 1. By assump- 
tion, there are at most two y E A n D,(y,)n D,(y2). So JA\(D,(y,)U 
D,(Y,))~ G 2 and I@ n WY,)) u (A n ~(YA > (n - W - 4. Now IA n 
D,(Y,~ + IA n WY,)I = IV n ICY,)) U (A n DAYJ)I + IA n D,(y,)n 
D,(y,)(. This implies 2[(n - k - l)(k - 1) - l] > [(n - k)k - 4) -t 
(n -k - 2)(k - 2). But they are actually equal. So equality holds 
everywhere. I 
Remark. This lemma also can be proved using an argument of Liebler 
161 if we assume all the parameters. 
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III. PROOF OF THE THEOREM,PART I 
In this section, we assume that G has parameters of G(3k, k). By 
Lemma 4, it is enough to show that D&C) z G(2k, k) for all x. We first show 
that DJx) has parameters of G(2k, k) for all x. Since the case k = 2 was 
proved by Shrikhande [S], we will assume k > 3. 
LEMMA 
Proof. 
Step 1. 
Especially 
6. Dk(x) has parameters of G(2k, k) for all x. 
We will write parameters of Dk(x) with “N.” 
ni) = IDi n Dk(x)I = PLk = (f )’ for all Y E &(x). 
for any z E DJx), there is a unique z’ E Dk(x) n D&z). 
Step 2. ~=Pfi+,(=Pt j+l)=(i+ 1)‘. 
Since D,(x) is a subgraph of G, Pi’ i+ 1(z, y) ( Pf i+ 1, for all i, y, z. Since 
nz) = 1, Px( y, y’) = n=(y). So Pck = Pi- 1 k. Now let y, z r? Dk(x) 
such that z E Bi(y). We claim Px(z, y) =P,‘-, i. Let WE D,(y)n 
Dim,(z). Then since distance is metric, d(w, y’) < d(w, z) + d(z, y’) = 
(i- 1) + (k-i) = k- 1. Also k = d(y, y’) ( d(y, w) + d(w, y’). So 
d(w, y’) = k - 1, which implies w  E Dk(x), since Pr&‘, y) = P:-, k. 
Step 3. Since there is a unique y’ E Dk(x) n Dk(y) for any y E Dk(x), 
z~i(y) if and only if ;(y’). So we get K= c 
Step 4. Since Pz+ Pz) + Ps= iT, for any y, 2, Pz) = 3 
for all y, z. I 
If 4 = 3, then by Lemma 2, D&X) g G(6, 3) for all x. And by Lemma 4, 
G g G(9,3). So we now assume k > 4. By Lemma 3, it is enough to show 
that for each y E Dk(x), D,(y) n Dk(x) is partitioned into k k-cliques such 
that any point in one clique is adjacent to exactly one point in each other 
clique. 
LEMMA 7. Let y E Dk(x). Then for every z E D,-,(x)n D,(y), C(z) = 
D,(z)nwx)\~YJ is a k clique and {C(z): z E Dkvl(x)n D,(y)} gives the 
desired partition of D,( y) n Dk(x). 
SUBLEMMA 7.1. For any z E Dk-dx)nD,(y)v C(Z) = D,(z) n 
Dk(x)\{ y} is a k clique and C(z,)n C(z,) = QJ ifz, 4 z2. 
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Proof Since Pi k-, = k + 1, 1 C(z)1 = k. Suppose there are u’i, w2 E 
D,@)n D,(z) such that w, 7L w,. (Note d(w, , w2) < 2.) Since PT = Pf2, 
D,(w,)nD,(w,) s L),(x). But then z E Dk(x) is a contradiction, so C(z) 
must be a clique. Let z,, z2 E D,(y) n Dk-,(x) such that d(z,, z2) = 2. Then 
since PTk = Pi_, k, z,, z2 E D,(y’), where { y’} = D,(y) n DJx). So 
D,(z,) n D,(z,) 5 D,(y’) and since ID,(y’) n Dk(x)I = 1, D,(z,)n D,(z,) n 
D,c(x) = (~1. 1 
If we consider Dk( y’) ( y’ as above) instead of Dk(x), Sublemma 7.1 says 
that for any wED,(y)nD,(x), C(w)=D,(w)nD,-,(x)nD,(y) is a k 
clique and C(w,) n C(w,) = 0 if w, ?L w2. In the next sublemma, we 
discover a natural bijection between {C(w): w E Dk(x) n D,(y)} and {C(z): 
z E DkdX)n4(Y)J. 
SUBLEMMA 7.2. Fix w, E D,(y) n Dk(x) and let Z, E C(w,). (So W, E 
C(z,).) Then for any z E C(w,), C(z) = C(z,) and for any w E C(z,), 
C(w) = C(w,). 
Proof: We first observe that for any z, z’ E C(w,), we have [C(z) n 
C(z’)l E { 1, 2, k). For if C(z) # C(z’), then there is some w E C(z)\C(z’). 
But then D,(w) n D,(z’)\{ y, z} 173 C(z) n C(z’), and since w 7L z’, the set on 
the left has cardinality 2. 
Suppose first that there is some z2 E C(w,) such that C(z,)n C(z,) = 
(w,, w2) (somew,). Then since D,(w)nD,(z,)= {w,,w2,zl,y] for wE 
C(z,)\( w, , w2}, there is no edge between C(z,)\C(zJ and C(z,)\C(z,). Since 
PT=2k-2, there is exactly one point in D,&)nD,(y)n 
D, (w, )\(W,> U C(4)- N ow the fact that k > 4 and J C(z)n C(z,)( E 
(1, 2, k} implies that C(z) is either C(z,) or C(z,) for any z E C(w,). 
Therefore C(w,) is divided into Z, and Z, such that C(z) = C(z,) for all 
Z E zi, i= 1,2. But since D,(z,)nD,(w)\(w,,w2,y}2Z2 for WE 
W,>\WJ~ I& G 12 and similarly IZ, I < 1, contradicting the assumption 
k > 4. 
So from now on we may assume for each z E C(w,) that either C(z) n 
C(z,) = {w,} or C(z) = C(z,). Suppose there is z2 E C(w,) such that C(z,)n 
C(z,) E {w,}. As before, we divide C(w,) into Z, and Z, such that 
C(zi)=C(z) for all zEZi, i= 1,2. Since D,(z,)nD,(W)\jW,,yJ~Zz for 
w E C(z2)\{ w, }, IZ, I < 2. Similarly I Z, I < 2. Since we are assuming k > 4, 
we must have /Z, I = IZ, / = 2. Let w2 E C(z,). Then the above arguments 
show that IC(w,) n C(w,)J E { 1,4}. But since C(w,)n C(w,) = Z,, this 
yields a contradiction which completes the proof of the sublemma. I 
Proof of Lemma 7. By Sublemma 7.2, {C(z): z E D,(y)n Dk-,(x)} is a 
partition of D,(y) n Dk(x) into k k-cliques. We will show that this partition 
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has the required property, namely, given z, , z2 E D,(y) n D,- i(x) with 
W,) n W,) = 0, and w, E C(z,), we will show that lD,(w,)n C(z,)i = 1. 
It will, in fact, be enough to show ID,(w,) n C(z,)l < 1, as equality will then 
follow from PT = 2k - 2. I1 
Suppose first that zr - z2. Then we are done, since each vertex of 
D,(w,) n C(zJ is a vertex of D,(w,) n D,(z,) n D,(z,), and there is at most 
one of these by Lemma 5. 
Now suppose that z, 4 z2 and that w, has at least two neighbors in C(z,). 
Then Pi, = 4 now implies, first, that there is w2 E C(zJ with w2 4 w, and, 
second, that w2 has at most one neighbor in C(z,). By Lemma 5 there is 
some z ED,(z,)nD,(w,)nD,_,(x)nD,(y) (considering D,(z,)nD,(w,), 
which already contains y), and by Sublemma 7.2, we have C(z) = C(z,). But 
now the fact that z - z, implies, as above that w, has at most one neighbor 
C(z) = C(z&; a contradiction which completes the proof of Lemma 7. I 
IV. PROOF OF THEOREM,PART 2 
In this section, we assume that G has parameters of G(3k + 1, k). By 
Lemma 4, it is enough to show that Dk(x) satisfies the hypothesis of 
Lemma 1 for all x E V(G). As in Section III, we write the parameters of 
Dk(x) with “-.” First, & = PLk = ( “: ’ )( 1) for all i. 
LEMMA 8. Lef Y E Dk(X) ~2nd Z E Dk(X) nD,(y). Then D=,(Z) E 
Dx) U Dx). Moreover, PC = PL- i k = (f)” and== ( r)(i!,). 
Proof We use induction on i. If i= 0, then the lemma is trivial. We 
assume it is true for i’ < i. Then 
6%=lD%i?h%i 
•t IPCZG n D%ll by induction hypothesis, 
= px(z7 Y) + Gk(z9 V) ,< pi-i k t (nzi - Pz) 
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So equality holds everywhere and we get G = Pi-, k, Pck = ( r )( ik ,) 
and D ~(z,GD~U~ 1 
LEMMA 9. Let x, y E V(G) with d(x, v) = 1. Then for every z E Dk(x) n 
D,(y), there is a unique z’ E Dk(x) n D,(y) such that d(z, z’) = k and 
{W E V(G): d(w, z) + d(w, z’) = k) = DJx) n Dk(y). 
Proof: Fix z E Dk(x) n D,(y). Suppose there is z’ E Dk(x) n D,(y) n 
Dk(z). Then by Lemma 8, {w: d(w, z) + d(w, 2’) = k} E Dk(x) n Dk( JJ). But 
IDk(x)nDk(y)l=(Z,k)=C:=op:-ik. So they are actually equal and this 
implies that there is at most one z’ E Dk(x) n D,(y) n Dk(z). In order to 
show that z’ exists, we count {(y, z’): y E Dk(z) n D,(x), z’ E Dk(x)n 
D,(Y) n D&)}, where z E Dk(x). Then Z, . 1 > tk . PT. But they are equal. 
So we proved the uniqueness ofz’. 1 
LEMMA 10. If z E Dk(x) and Zi E Dk(x) n D,(z), then for all w E Dj(z) n 
Dj-i(Zi)forj < i, W E Do. SO Pz = I’-i i. 
ProoJ Consider D&)n D,(zi). Then it contains x and since 1 D,(z)n 
D,(x)1 + ID&,) n D,(x)l = 2k(k + 1) > k(2k + 1) = ID,(x)l, there is y E 
Dk(z) n D,(zi) n D,(x). Next we consider Dk(x) n D,(y). Then Dk(x) n 
D,(y) 3 z, zi and Dk(x) n D,(y) c Dk(x). By Lemma 9, there is z’ E Dk(x) n 
Dk(y) such that d(z, z’) = k and d(z,, z’) = k - i. If w  E Dj(z)n Dimi( 
then d(w, z’) < d(w, zi) + d(z,, z’) = k-j and d(z, z’) Q d(z, w) + d(w, z’). 
This implies d(w, z’) = k - j, so by Lemma 8, w  E Dk(x). i 
We showed ii, = ( “1’ )( r) for all i, = ( $)(ik,) for all i, and 
c= (j)’ for all i, j < i. So Dk(x) z G(2k + 1, k) by Lemma 1 and G z 
G(3k + 1, k) by Lemma 4. 
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